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Gronwall’s lemma

Gronwall’s lemma
If forall t € (0,T)

u'(1) < B(tu(t)

then |
u(t) < u(0)elobls)is
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Gronwall’s lemma

Gronwall’s lemma
If for all t € (0, T)

u'(t) < p(tu(t)

then |
u(t) < u(0)elobls)is

Gronwall’s lemma - integral form
Let B >0. Ifforall te(0,T)

t
u(t) < a+/o B(s)u(s)ds

then

u(t) S aef(;ﬁ(s)ds
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Gronwall’s lemma

Gronwall’s lemma

Abstract Gronwall’s lemma

Let M be a sequentially closed topological space which has a
partial ordering <. Let A: M — M such that

@ x<y=A(x) <A().
@ A has a unique fixed point x*.
@ A’(x) — x* for all x.

Then

x<AXx) = x<x*.
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Gronwall’s lemma

Gronwall’s lemma

Abstract Gronwall’s lemma

Let M be a sequentially closed topological space which has a
partial ordering <. Let A: M — M such that

@ x<y=A(x) <A().
@ A has a unique fixed point x*.
@ A’(x) — x* for all x.

Then

x<AXx) = x<x*.

Proof:
o x <A(x)
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Gronwall’s lemma

Gronwall’s lemma

Abstract Gronwall’s lemma

Let M be a sequentially closed topological space which has a
partial ordering <. Let A: M — M such that

@ x<y=A(x) <A().
@ A has a unique fixed point x*.
@ A’(x) — x* for all x.

Then

x<AXx) = x<x*.

Proof:
o x <A(x)
o x <A"(x)
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Gronwall’s lemma

Gronwall’s lemma

Abstract Gronwall’s lemma

Let M be a sequentially closed topological space which has a
partial ordering <. Let A: M — M such that

@ x<y=A(x) <A().
@ A has a unique fixed point x*.
@ A’(x) — x* for all x.

Then

x<AXx) = x<x*.

Proof:
o x <A(x)
o x <A"(x)
@ Limit= x <x*
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Exponential scaling

Advection-reaction

ou
_ .V =0.
at+a u+cu=2~0
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Exponential scaling

Advection-reaction

ou
_ .V =0.
at+a u+cu=2~0

Estimates of u: multiply by u, /g

/aLIUdX+/a'VUUdX+/CU2dX:0.
q ot Q Q
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Exponential scaling

Advection-reaction

ou
— +aVv =0.
at+a u+cu=0

Estimates of u: multiply by u, |
/auuder/ a-Vuudx+/ cu?dx =0.
Q ot Q Q

By Green’s theorem

' 1 1
/ a-Vuudx:—/ a-nuzdx——/diva Ul dx.
Ja 2 Jon 2 Ja
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Exponential scaling

Advection-reaction

ou
—_— \Y%
at+a u+cu=20.

Estimates of u: multiply by u, /g

/aLIUdX+/a'VUUdX+/CU2dX:0.
q ot Q Q

By Green’s theorem

’
/a~Vuudx_1/ a-nuzdx——/diva Ul dx.
Q 2 Jon 2 Ja

Therefore

” ull? + / a-nu dx+/(c—1d1va) u?dx = 0.

2dt 2
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Exponential scaling

Continuous problem

2dt”u”2+/ — Jdiva) u?dx <O0.
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Exponential scaling

Continuous problem

2dt”u”2+/ — Jdiva) uv?dx <0.

e Elliptic case: ¢ — Jdiva>0

d 2
—lu|lc <O0.
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Exponential scaling

Continuous problem

2dt”u”2+/ — Jdiva) u?dx <O0.

e Elliptic case: ¢ — Jdiva>0

d 2
ul|c <0.

@ Non-elliptic case: ¢ — Jdiva < ¢

.1

5 s illul? < collulP.
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Exponential scaling

Continuous problem

2dt”u”2+/ — Jdiva) u?dx <O0.

e Elliptic case: ¢ — Jdiva>0

d 2
—lu|lc <O0.

@ Non-elliptic case: ¢ — Jdiva < ¢

.1

5 s illul? < collulP.

Gronwall gives

lu(t)||? < &% u(0)||2.
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Exponential scaling
Exponential scaling .

ou
a—t+a‘Vu+cu_0. \
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Exponential scaling

Exponential scaling .

u
-~ .V =0.
at+a u+cu=2~0 ’

Exponential scaling:

u(x,t) = e*w(x,t).
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Exponential scaling
Exponential scaling .

u
—+aV =0.
at+a u+cu=2~0 \

Exponential scaling:
u(x, t) = e*w(x,t).
This gives

eat(aav;_/—i-a-vw—i-(a—i-C)W) =0.

V. Kuéera, C.-W. Shu Exponential growth, exponential scaling, and DG



Exponential scaling
Exponential scaling .

u
—+aV =0.
at+a u+cu=2~0 \

Exponential scaling:
u(x, t) = e*w(x,t).
This gives

aat+an+(oc+c) =0.
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Exponential scaling
Exponential scaling .

u
—+aV =0.
at+a u+cu=2~0 \

Exponential scaling:
u(x, t) = e*w(x,t).
This gives

aat+an+(oc+c) =0.

New ellipticity condition:

(x+C—7dlva>0
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Exponential scaling
Exponential scaling .

u
—+aV =0.
at+a u+cu=2~0 \

Exponential scaling:
u(x, t) = e*w(x,t).
This gives

aat+an+(oc+c) =0.

New ellipticity condition:

(x+C—7dlva>0

Useless in our case!
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Exponential scaling
Exponential scaling Il.

u
—+aVu+cu=0.
Y avut ]
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Exponential scaling
Exponential scaling Il.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Navert, 1982): Choose u, € RY,

u(x,t) = e!*w(x,t).
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Exponential scaling
Exponential scaling Il.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Navert, 1982): Choose u, € RY,
u(x,t) = e w(x,t).
This gives

)
a—V;+a-Vw+(a-uo+c)W:0.
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Exponential scaling
Exponential scaling Il.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Navert, 1982): Choose u, € RY,
u(x,t) = e!*w(x,t).

This gives

ow

7t+a‘VW+(a'H0+C)W:0.

New ellipticity condition:

a-fio+c—sdiva>0
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Exponential scaling
Exponential scaling Il.

u
—+aVu+cu=0.
L ravus ]

Exponential scaling (Navert, 1982): Choose u, € RY,
u(x,t) = e!*w(x,t).

This gives

ow

7t+a‘VW+(a'H0+C)W:0.

New ellipticity condition:
a-fio+c—sdiva>0

Vector field a must point in one direction!
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Exponential scaling
Exponential scaling Ill.

u
m-l—a-VU—FCU—O. \
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Exponential scaling
Exponential scaling Ill.

u
m-l—a-VU—FCU—O. l

Exponential scaling (Ayuso, Marini, 2009): Choose 1 : Q — R,

u(x,t) = e*®w(x,1).
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Exponential scaling
Exponential scaling Ill.

u
m-l—a-VU—FCU—O. l

Exponential scaling (Ayuso, Marini, 2009): Choose 1 : Q — R,
u(x,t) = e*®w(x,1).
This gives

%V:Jra-VWJr(aVquc)W:O.
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Exponential scaling
Exponential scaling Ill.

u
— -V =0.
3t+a u+cu=20 \

Exponential scaling (Ayuso, Marini, 2009): Choose 1 : Q — R,

u(x,t) = e*®w(x,1).
This gives

%V:Jra-VWJr(aVquc)W:O.
New ellipticity condition:

a-Vu+c—diva>0.
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Exponential scaling
Exponential scaling Ill.

u
— -V =0.
3t+a u+cu=20 \

Exponential scaling (Ayuso, Marini, 2009): Choose 1 : Q — R,
u(x,t) = e*®w(x,1).

This gives

aw

W+a-VW+(a~Vu+c)W:O.

New ellipticity condition:

a-Vu+c—diva>0.

Lemma — Devinatz, Ellis, Friedman (1974)

Ju:a-vVu >y > 0 <= apossesses neither closed curves nor
stationary points.
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Exponential scaling
Exponential scaling IV.

u
—+aVu+cu=0.
L ravus ]
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Exponential scaling
Exponential scaling IV.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Kucera, Shu): Choose 1 : Q2 x (0,T) — R,

u(x, t) = e*>*0g(x, t).
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Exponential scaling
Exponential scaling IV.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Kucera, Shu): Choose 1 : Q2 x (0,T) — R,
u(x,t) = e (x, ).

This gives

au <8u

—+a-Vi+(—=—+aV i =0.
at+a u+ atJra u+c)u 0
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Exponential scaling
Exponential scaling IV.

u
—+aVu+cu=0.
Y avut ]

Exponential scaling (Kucera, Shu): Choose 1 : Q2 x (0,T) — R,
u(x,t) = e (x, ).

This gives

au <8u

—+a-Vi+(—=—+aV i =0.
at+a u+ atJra u+c)u 0

New ellipticity condition:

d
87/';+3.VH—|—C—%diVaZO.
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Exponential scaling

Weak form of exponential scaling

u
—v+aVuv+cuvdx =0.
q ot
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Exponential scaling

Weak form of exponential scaling

0
/ —UV+a-Vuv+cuvdx:0.
q ot

@ Set u(x,t) = e*D(x,1).
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Exponential scaling

Weak form of exponential scaling

0
/ —UV+a-Vuv+cuvdx:0.
q ot

o Set u(x, t) = e (x, 1).
@ Set ¥(x,t) = e “Dy(x,1):

au u
—Vv+a VUV+<at

T +aVu+C>uvdx 0.
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Discontinuous Galerkin

0 Discontinuous Galerkin
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Discontinuous Galerkin

Continuous problem

We seek u: Qr =Qx(0,T) — R such that

aaLtlJra-Vqucu_O in Qr,
u=up ondQ x(0,T),
u(x,0)=u’(x), xeQ.
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Discontinuous Galerkin

Continuous problem

We seek u: Qr =Qx(0,T) — R such that

aaLtlJra-Vqucu_O in Qr,
u=up ondQ x(0,T),
u(x,0)=u’(x), xeQ.

@ 7, is a triangulation of Q.
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Discontinuous Galerkin

Continuous problem

We seek u: Qr =Qx(0,T) — R such that

aaLtlJra-Vqucu_O in Qr,
u=up ondQ x(0,T),
u(x,0)=u’(x), xeQ.

@ 7, is a triangulation of Q.
o Sh = {Vh; Vh‘K S PP(K),VK c %},
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Discontinuous Galerkin

au

avu+cu=0.
8t+ I

Exponential growth, exponential scaling, an:



Discontinuous Galerkin

u
W+a-Vu+cu—0. J

DG discretization

We seek up € C'(0, T; Sp) such that

(8uh

e Vh) + bp(Un, V) + Cn(Un, Vh) = In(Vh), VVvh € Sp,
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Discontinuous Galerkin

u
WJraVqucu 0. J

DG discretization

We seek up € C'(0, T; Sp) such that

(8uh

TR Vh>+bh(Uh7Vh)+Ch(Uh,Vh) In(vh), YVph € Sh,

Reaction form
cp(u,v) = / cuvdx
Q
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Discontinuous Galerkin

u
= \%
5 TaVutou= 0. J

DG discretization

We seek up € C'(0, T; Sp) such that

(8uh

TR Vh>+bh(Uh,Vh)+Ch(Uh7Vh) In(vh), YVph € Sh,

Advection form

b(u,v)= Y /(a vuyvdx— Y / (a-n)[u]vdS
Ke,

Keg,JIK\00

/ (a-n)uvdS,
Ke 7, dK—NIQ
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Discontinuous Galerkin

u
WJraVqucu 0. J

DG discretization

We seek up € C'(0, T; Sp) such that

(8uh

TR Vh>+bh(Uh7Vh)+Ch(Uh7Vh) In(vh), YV € Sh,

Right-hand side form

Ih(v)=— / a-n)upvdx.
M= B [ agl@mue
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Error analysis

0 Error analysis
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Error analysis
Error analysis

@ Error en(t) := u(t) — un(t) = na(tn) + En(1).
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Error analysis
Error analysis

® Error en(t) := u(t) — un(t) = 1a(tn) + Sn(t).
@ Interpolation error nu(t) = u(t) — Mupu(t).
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Error analysis
Error analysis

@ Error en(t) := u(t) — un(t) = na(tn) + En(1).
@ Interpolation error nu(t) = u(t) — Mpu(t).
@ Unknown discrete error Ex(t) = Mpu(t) — up(t) € Sp.
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Error analysis
Error analysis

@ Error en(t) := u(t) — un(t) = na(tn) + En(1).

@ Interpolation error nu(t) = u(t) — Mpu(t).

@ Unknown discrete error Ex(t) = Muu(t) — up(t) € Sp.
@ Error equation: For all v, € Sy

36/7

(W’ Vh) + bn(en, Vh) + ch(en, vh) =0
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Error analysis
Error analysis

@ Error en(1) := u(t) — un(t) = na(tn) + En(1).

@ Interpolation error nu(t) = u(t) — Mpu(t).

@ Unknown discrete error Ex(t) = Muu(t) — up(t) € Sp.
@ Error equation: For all v, € Sy

36/7

(W’ Vh) + bn(en, Vh) + ch(en, vh) =0

(?ﬁ, Vi) + (%7» Vi) + Br(€. Vi) + bn(1, Vi) + Ch(&, V) + Ca(n, Vi) = 0.
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Error analysis
Error analysis

@ Error en(t) := u(t) — un(t) = na(tn) + En(1).

@ Interpolation error nu(t) = u(t) — Mpu(t).

@ Unknown discrete error Ex(t) = Muu(t) — up(t) € Sp.
@ Error equation: For all v, € Sy

36/7

(W’ Vh) + bn(en, Vh) + ch(en, vh) =0

(%?WJ+(%?wJ+bmawo+mvuwHcMéwﬂ+%mﬂm=°-

@ We want to set

E(x, 1) = e*DE(x, 1),
vy, = e *DE(x 1)
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Error analysis
Error analysis

@ Error en(t) := u(t) — un(t) = na(tn) + En(1).

@ Interpolation error nu(t) = u(t) — Mpu(t).

@ Unknown discrete error Ex(t) = Muu(t) — up(t) € Sp.
@ Error equation: For all v, € Sy

36/7

(W’ Vh) + bn(en, Vh) + ch(en, vh) =0

(?ﬁ, Vi) + (%7» Vi) + Br(€. Vi) + bn(1, Vi) + Ch(&, V) + Ca(n, Vi) = 0.

@ We want to set
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Error analysis

Error equation, ¢ = e*“é

(iﬁ M)+ br(€,9) + Br(E,Tad — 0)+ bn(n,9) + ba(n, Mg — 9)

+GnlE.0)-+ (& T1n — 0)-+ an(1.M49) + (S0 My0) =0
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Error analysis

Error equation, ¢ = e*“é

(%5.140) +B1(.0)+ ba(E, 9~ 0) + br(n,9)+ bi(1, 10 — )

+Gn(E.0)-+ (& T1n — )+ an(1.M49) + (G0 Myo) =0
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Error analysis

Error equation, ¢ = e*“é

(55.1106) + b(&,6) + by(E.1149 — 6)-+ b(m,9) + br(7. Myt — 0)

+GnlE.0)-+ (&40 — )+ an(1.M49) + (G0 Mpo) =0
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Error analysis

Error equation, ¢ = e*“é

(55.1106) + b(&,6) + by(E.1149 — 6)-+ b(m,9) + br(7. Myt — 0)

+GnlE.0)-+ (&40 — )+ an(1.M49) + (G0 Mpo) =0

Assumptions on p

0< IJ(X7 t) < Umax,
“’L(Xv t)—u(y, t)‘ S L/J’X_y‘v
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Error analysis

Error equation, ¢ = e*“é

(55.1106) + b(&,6) + by(E.1149 — 6)-+ b(m,9) + br(7. Myt — 0)

+GnlE.0)-+ (&40 — )+ an(1.M49) + (G0 Mpo) =0

Assumptions on p
0< IJ(X7 t) < Umax,
“’L(Xv t) —[J(y, t)‘ S L/J’X_y‘v

Lemma
Let ¢ = e H&, then
MA@ (£) = S (D)l 2y < CHIED) 2k,
IMA (1) = (D)l 2(ar) < CH2(IE() ] 2(k)-

t
| A
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Error analysis

E=eté, p=erE
(f_ﬁ,n,@) +br(&,9) + br(E, Mad — 8) + br(11. 8) + ba(11, Mad — 9)

)
+ Cal&,8) +Chl&,11nd — 0) +Co(m.Mag) + (51 Mng ) =O.
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Error analysis

E=eté, p=erE
(git’nh(p) +bn(&.9) +bn(E,Mpp — @)+ br(1,9) + ba(n,Mpd — ¢)

)
+ Cal&,8) +Chl&,11nd — 0) +Co(m.Mag) + (51 Mng ) =O.

(55.10) = (55.6) = (55 +e 2ot o7nd)
. Ol = =
= 2 SIEIR+ (ZEE)
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Error analysis

()
— |_|h¢> +br(E,¢) + bn(E,Mpd — @)+ br(1,9) + bn(n,Mh¢ — @)

+Gn(E.0)-+ Cn(E.T1np — 0) + an(1.M49) + (G0 Myo) =0

Lemma: Let %—‘; +avu+c— %diva > >0, then

(gét ﬂh¢)+bh(§ ¢)+cn(&,0)
ZEEMHZJF?@H&HQ ) Z (HENIZ o a0+ 1613 kn00)-

Keg
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Error analysis

E=eté, p=erE
(f_ﬁ,n,@) +br(&,9) + br(E, Mad — 8) + br(11. 8) + ba(11, Mad — 9)

)
+ Cal&,8) +Co(E.M1h0 — 0) +Colm.Mag) + (52 Mng ) =0.

| &g —9)ax < CIE|IAIE] = ChI 2.
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Error analysis

E=eté, p=erE
(f_ﬁ,n,@) +br(&,9) + br(E, Mad — 8) + br(11. 8) + ba(11, Mad — 9)

)
+ Cal&,8) +Chl&,11nd — 0) +Co(m.Mag) + (51 Mng ) =O.

Altogether

SIEWIZ+ 26 E(DI2 < CRIE)I2 + CHP (Ut s+ 1u(t) Bprr )
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Error analysis

&I+ [ 1E@)Pa0

201 (1,,0(2 2 2
< ChP(1U [lpss + [UlZ2(o 11y + [tz 0.1001) )
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Error analysis

&I+ [ 1E@)Pa0

201 (1,,0(2 2 2
< ChP(1U [lpss + [UlZ2(o 11y + [tz 0.1001) )

IE(D = e“DE(D] < e m=[1E(t)].
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Error analysis

&I+ [ 1E@)Pa0

201 (1,,0(2 2 2
< ChP(1U [lpss + [UlZ2(o 11y + [tz 0.1001) )

IE(D = e“DE(D] < e m=[1E(t)].

Theorem
Let 0 < p < fimax, p(t) € W'=(Q) and p; +a Vu +c— Sdiva> y
on Qr, where % > 0. Then

t
max len(t)ll+vnllenlz(ar)

S Chp+1/zellmax (’U0|Hp+1 - ‘U‘LZ(O,I;HP'H) a4 |Ut‘L2(0,t;Hp+1)) o
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Construction of 1

e Construction of u

Exponential growth, exponential scali
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Construction of 1

ti+a vVu+c— tdiva> y > 0. J

@ Find 4 such that

I
“Lia vy =1.
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ti+a vVu+c— tdiva>y > 0. J

@ Find 4 such that

I
—_ -Vug =1.
ot +a- Vs

@ Pathlines: S(; xo, lp) is the trajectory of a massless particle

— dS(t;Xo,to)

S(to;Xo,to):Xo € Q, at :a(S(t;Xo,to),t).
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Construction of 1

ti+a vVu+c— tdiva>y > 0. J

@ Find 4 such that

I
— -V =1.
ot +a 4

@ Pathlines: S(; xo, lp) is the trajectory of a massless particle

dS(t;Xo,to)

S(to; X0, o) = Xo € £, pT:

= a(S(t; X0, ), 1).
@ Then

d (S(t;Xo, to), t) _ (8,[11
dt at

+ a-Vm)(S(t;Xo, fo),t) =1,
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Construction of 1

ti+a vVu+c— tdiva>y > 0. J

@ Find 4 such that

I
—_ -Vug =1.
ot +a- Vs

@ Pathlines: S(; xo, lp) is the trajectory of a massless particle

— dS(t;Xo,to)

S(to;Xo,to):Xo € Q, :a(S(t;Xo,to),t).

dt
@ Then
d“’L1(S(t;XO7tO)7t) o a.u'l . o
- = (57 +a- Vi ) (S(tixo. o). 1) = 1,
therefore

M (S(t; X0, To), f) =t—1.
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11 (S(t: %0, 1), 1) = t — fo. ]
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11 (S(t: %0, 1), 1) = t — fo. ]

@ Interpretation: uq(x, 1) is the time a particle carried by the
flow field a passing through (x,t) has spent in .

V. Kuéera, C.-W. Shu Exponential growth, exponential scaling, and DG



Construction of 1

11 (S(t: %0, 1), 1) = t — fo. ]

@ Interpretation: uq(x, 1) is the time a particle carried by the
flow field a passing through (x,t) has spent in .

@ Assumption: Let the time spent in 2 by any particle carried
by the flow be bounded by T. Then 0 < p < tmax.
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11 (S(t: %0, 1), 1) = t — fo. ]

@ Interpretation: uq(x, 1) is the time a particle carried by the
flow field a passing through (x,t) has spent in .

@ Assumption: Let the time spent in 2 by any particle carried
by the flow be bounded by T. Then 0 < p < tmax.

@ If we choose
Hix,0) = (. 0)(|inf(c — Jdiva)| +10).
T

then p
a—’“;Jra-Vquc— %divaz Y-
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Lemma

Let a € L~(Qr) be continuous w.r.t. time and Lipschitz
continuous w.r.t. space. Let there exist anin > 0 such that

—a(x,t)-n > amin

forall x € 9Q~,t € [0, T). Let the life-time of particles carried by
the flow be uniformly bounded by T. Then u is Lipschitz
continuous and uniformly bounded.
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Let a € L~(Qr) be continuous w.r.t. time and Lipschitz
continuous w.r.t. space. Let there exist anin > 0 such that

—a(x,t)-n > amin

forall x € 9Q~,t € [0, T). Let the life-time of particles carried by
the flow be uniformly bounded by T. Then u is Lipschitz
continuous and uniformly bounded.

Resulting estimate
el i=(12) + v/Tol €all 212y < Ce®ThPH1/2,
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Lemma

Let a € L~(Qr) be continuous w.r.t. time and Lipschitz
continuous w.r.t. space. Let there exist anin > 0 such that

—a(x,t)-n > amin

forall x € 9Q~,t € [0, T). Let the life-time of particles carried by
the flow be uniformly bounded by T. Then u is Lipschitz
continuous and uniformly bounded.

Resulting estimate
el i=(12) + v/Tol €all 212y < Ce®ThPH1/2,

Standard Gronwall estimates

el -2y < CeSTHPH1/2,

| A
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Conclusions:

@ Gronwall’s inequality gives exponential growth w.r.t. time.
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Conclusions:

@ Gronwall’s inequality gives exponential growth w.r.t. time.
@ General form of exponential scaling.

@ Error estimates for DG exponentially growing not in time
but in the time particles carried by the flow spend in Q.

@ Effectively, we apply Gronwall’s inequality not in the

Eulerian framework, but in the Lagrangian (along individual
pathlines).
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@ General form of exponential scaling.

@ Error estimates for DG exponentially growing not in time
but in the time particles carried by the flow spend in Q.

@ Effectively, we apply Gronwall’s inequality not in the
Eulerian framework, but in the Lagrangian (along individual
pathlines).

@ Nonlinear case possible (linear case + Zhang-Shu
technique).
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Construction of 1

Conclusions:

@ Gronwall’s inequality gives exponential growth w.r.t. time.

@ General form of exponential scaling.

@ Error estimates for DG exponentially growing not in time
but in the time particles carried by the flow spend in Q.

@ Effectively, we apply Gronwall’s inequality not in the
Eulerian framework, but in the Lagrangian (along individual
pathlines).

@ Nonlinear case possible (linear case + Zhang-Shu
technique).

V. Kucera, C.-W. Shu: On the time growth of the error of the DG
method for advective problems, IMA J. Numer. Anal. 39 (2), pp.
687—-712, 2019.
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Thank you for your attention |
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