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Problem setting



Problem setting

Cc

Do
zZ2

Stochastic boundary value problem

Find a random function v : Q x D — R:

L(a)(u)y=f inD

+ boundary conditions

holds P-almost everywhere in Q (i.e. almost surely).

e a(w,x) > amin (w) > 0 almost surely and almost everywhere in D

e f(w,-) is square integrable w.rt. P, i.e. [ E (f?)dx < oo
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Problem setting - example

Cc

Do
zZ2

Stochastic linear elliptic boundary value problem
Find a function v: Q x D — R:

—div(a(w,x) Vu(w,x)) = f(w,x) VxeD
0 Vx € 0D

u (w, x)

holds P-almost everywhere in Q (i.e. almost surely).

f=rf(w,x) weQxeD

e a(w,x) > amin (w) > 0 almost surely and almost everywhere in D

e f(w,-) is square integrable w.rt. P, ie. [, E (f?)dx <oo
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Assumption: finite dimension of uncertainty O‘C‘E\I}

f=Ff(w,x)=Ff(Y1(w),..., Yy (w),x) weQxeDb

e Y, :Q—T,CR, ne{l,...,N} ... real valued random variables
(not necessarily independent)

o [ = HnN=1 I, ... set of outcomes
e p: I =Ry, peLl>®(l) ... joint probability density function of
(Yi,.., Yn)

— probability space (I', BN, pdy)
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Assumption: finite dimension of uncertainty

Cc

Do
zZ2

SD

Stochastic boundary value problem

Find a random function v : T x D — R:

L(a)(u)=f inD
+ boundary conditions

holds almost surely.

e assume a unique solution u € L2 (I'; W (D))

— Instead of u(w, x) on Q x D, we consider u(y,x) on I x D.
The aim is to find an approximation of u (for any y € [ and x € D)
in a suitable finite dimensional subspace.
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Assumption: finite dimension of uncertainty
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e example 1 (exact representation)
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Finite element operator G‘C‘i\h

e W, (D) c W (D) ... standard finite element space; triangulation 7j,

e consider a finite element operator FEM}, : W (D) — W, (D) with
the optimality condition

— FEM, < i — Yo e W(D
llo h‘PHW(D)_CVerwhr(‘D)H@ V||W(D) ¥ (D)

(¢ is independent of h)

e denote:
FEMhU = Up: Mr— Wh(D),

FEMuu(y) = up(y) € Wy (D)
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Stochastic collocation L'j‘c‘i\l:

= a method that produces an approximation up , € C°(I'; W; (D)) of a
function u € Li (I; W (D)) constructed by a linear combination of point

values up (yk) € Wy (D), where y €T, k€ {1,...,N,}, i.e.
NP
Up.p (y,X) = Z Up (yk7X) /k (y)
k=1

Stochastic collocation provides:

e approximation of u
e estimation of statistical moments of the solution u (mean value,
variance, covariance, ...)
NP
E (u) ~ E (unp) = Y un (vk: x) E (e (¥))

k=1

e statistics of quantities of interest ¢ (u)
9/26
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Discretization of the probability space G‘C‘E\I}

o Pp(N)C Lf) () ... span of tensor product polynomials with degrees
at most p = (p1,...,pn)

Po (1) = Q) Py, (Tn)

e P, (Ts) ... all univariate polynomials with degree at most p,
e dimension of P, (I') is ngl(p,, +1)
e Lagrange basis of P, (I'y):

{2 g k) = G Jok € {1, pn +1},

where yp1,.. .. Ynpo €n
— one-dimensional interpolation operator

pnt1

U W) (y) =D ulyns)i(y)
j=1
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Full tensor stochastic collocation

gs
L)
zZ2

SD

full tensor product interpolation operator
N CO(Tr; W (D)) — Py, (I @ W (D):

VW) = (ZWe-e2™)(u)(y) =

p1+1 pn+1
ST ST g ywa) (i () ® - ® Iy (v))

=1 Jn=1

The aim was to approximate u € L2 (T'; W (D)) by up of the form

Np
unp (v,x) = D un (vio x) e (¥)

where y, € I'. Using ZV, we can simply write uj , = Z" (uy),
ie. Np=TT0 0 (P + 1), e = TTN; k-
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Choice of y,

c.
(9}
Ze

p1+1 pn+1

V(W) = D D uGee e ywn) (i () @ @ Iy (1))

h=1 Jn=1

auxiliary probability density p: I — R™:
N
p(y)=]]%n(ya), ¥y €T, and

n=1

< 0
Le=(T)

5

® Yni,.--sYnp,+1 € [ are roots of the polynomial Q of degree p, + 1
orthogonal with respect to p,, i.e.

/Q (y)dy =0 Vr e P, (F)
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Relation to Gaussian quadrature

/P(X) pdx = Z wip (x;)

e choice of w;, x; ... 2n degrees of freedom — exact integration of
polynomials up to degree 2n — 1
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Relation to Gaussian quadrature UGN
Back to 1d interpolation operator % (u) (y) = Zf:{l u(Ynj)nj(y),
where y,1,...,Ynp,+1 are roots of polynomial Q of degree p, + 1:

fl'n Qrpndy =0 Vr e P,

=wj
pat1

—_——
[ty P [ @) 6) iy =3 utr) [ o)

szn+1 PPn an+1 PPn
€ € € €

Integrated polynomial u(y) can be written as u(y) =s(y)Q (y) + r(y)

pnt1 pnt1
[ ) k=3~ w5 (10) Q) + 3 wir ()
=1 j=1
. R pnt1l e
Vie{l,...,pn+1}: //n,ipdy =D Wi (Ynj) = Wiln,i (vn,i)

Jj=1
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Example: N = 3, degree =3

Stochastic linear elliptic boundary value problem

Find a function u: Q x D — R:

—div(a (Y1 (w), Y2 (w), Y5 (w),x) Vu(w,x)) =0 Vx € D
+ boundary conditions

holds almost surely.

Y, ~N(5;1)

o

0 02 04 06 08 1

0 02 04 06 08 1

a(-,x) ... 3 parameters; approx. of E (u); approx. of Var (u)
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Example: N = 3, degree =5

Stochastic linear elliptic boundary value problem

Find a function u: Q x D — R:

—div(a (Y1 (w), Y2 (w), Y5 (w),x) Vu(w,x)) =0 Vx € D
+ boundary conditions

holds almost surely.

Y, ~N(5;1)

o

0 02 04 06 08 1

0 02 04 06 08 1

a(-,x) ... 3 parameters; approx. of E (u); approx. of Var (u)
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Example: N = 3, degree =7

Stochastic linear elliptic boundary value problem

Find a function u: Q x D — R:

—div(a (Y1 (w), Y2 (w), Y5 (w),x) Vu(w,x)) =0 Vx € D
+ boundary conditions

holds almost surely.

Y, ~N(5;1)

o

0 02 04 06 08 1

0 02 04 06 08 1

a(-,x) ... 3 parameters; approx. of E (u); approx. of Var (u)
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Stochastic collocation vs. Monte Carlo
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Quantity of interest ¢ (u): flow through outflow boundary part
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Relation to Stochastic Galerkin method - problem setting l:lC‘i\I:

Consider again:

Stochastic linear elliptic boundary value problem

Find a function v : T x D — R:

—div (a(y, x) Vu(y,x)) f(y,x) Vxe D
u(y,x) = 0V¥xedD

holds almost surely.
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Relation to Stochastic Galerkin method

gs
L)
zZ2

Stochastic Galerkin

Find uf , € P, () ® W, (D):

//aVqudxpdyz//fvdxpdy Ve P, (N & Wy (D)
r D r D

— fully coupled linear system of dimension N, x Nj

replace integrals over I by quadrature formula E/Lf (g) = ZQ’; wig (yk)
& choose test functions v (y, x) = Ik (y) ¢ (x) (¢ (x) € W} (x))
Stochastic collocation

Find upp € P, (1) ® W, (D): V€ P,(F) @ W, (D)

Np

wp(yk) , y V() dx — wkp(yk) y "
> uben / () Vi () ¥ () 5 = > B / F () v (i)

— sequence of N, uncoupled linear system of dimension NV,
sD
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Relation to Stochastic Galerkin method G‘C‘E\I}

Stochastic collocation

e replaces the integration of fD aVuVvdx over [ by a quadrature
formula = if fD aVuVv dx (function of y) is a polynomial at most
of degree 2p, + 1, the integration is exact

e decouples the linear system (also when a and f are non-linear
functions of Y})

e treats efficiently the case of non-independent random variables Y,
(using p)
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Smolyak sparse grids - notation ﬁ‘c‘;\[}

1d interpolation operator (direction n omitted) % (u) = 21'11 u(y;)

e consider a sequence of 1d interpolation operators %' (u) given by
® mj

e points y/; j € {1,...,m;}
e functions /f;j e{1,...,m}

e multivariate “building block” for multiindex i = (i1, ..., in)

mjy miy,

(@heouh) @ = 33w (e o)

=1 Jn=1
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Smolyak sparse grids - notation

Isotropic Smolyak formula for level w and dimension N:

wAN—|i N—-1 i ;
o (w,N) = Z (_1)+ ||<W+N-i|>.(dg/ ®...®%N)’
i€y (w,N)

where Y (w,N) = {ie N},i>1:w+1<i|<w+ N}

How to choose the sequence of 1d interpolation operators %' (u)?

em =1 m=2"14+1fori>1
e Clenshaw-Curtis abscissas

e nested, i:e. {y{, .. ,y,i,,l} - {y{”, . ,y,’;flil}
e points y; are extremes of Chebyshev polynomials € (—1,1)

e Gaussian abscissas

e in general not nested
e points yj’ are zeros of orthogonal polynomials w.r.t. a positive weight
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Example - sequence %' (u) and set Y (w, N) (j‘c‘;\l:

Setting: m; = 2'~1 4+ 1 for i > 1; Gaussian abscissas; points yJ’ are zeros
of Hermite polynomials H;; w = 3; N =2

o %' (u): m =1, roots of H; € Py
o %2 (u): my =3, roots of Hy € P3
o %3 (u): m3 =5, roots of Hs € Ps
o %*(u): my =9, roots of Hy € Py

Y(w,N)={ieN7,i>1:4<[i| <5} =
=1{(1,4),(1,3),(2,3),(2,2),(3,2),(3, 1), (4, 1)}

4 + 1 4 4 4 4
1.9 1.5 35 33 5-3 51 9-1
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Example: Y (w=3N=2)={ieNV:i>1A4<]i|<5}

AN
UGN

=1 h=2 h=13 b =4

=1 li| =2 i[=3 e | e

I1—2 |I|:3 ***** |I|:6

ih=3 lif =6 li| =7

W—4 i=6 i =7 i =8
SD Stochastic collocation

23/26



Convergence properties




Assumptions

c.
(9}
Ze

Stochastic boundary value problem

Find a random function v : Q x D — R:

L(a)(u)y=f inD

+ boundary conditions

holds P-almost everywhere in Q (i.e. almost surely).

e the solution has realizations in W (D), i.e. u(-,w) € W (D) almost
surely

o JcVw € [lu (- w)|lwpy < cllf (w)llw-p)

e forcing term f € L2 (Q; W*( )) is such that the solution u is
unique and bounded in L% (Q; W (D))
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Algebraic convergence (j‘c‘;\l:

For functions u € C°(I'; W (D)) which admit an analytic extension
in {z € C: dist(z,I') < 7} for some 7 > 0 the isotropic Smolyak formula
based on Gaussian abscissas satisfies

[ = (w0, N) ()l 2 (r.w(py) <

e’e Iog(2)C (O’) max{l, 9 (U)}N —-D

< 1~
Loo(T) |1 - C(U)l

p
5

e 1) is the number of collocation points,

_ ocelog(2)
* D= ey

e ( ~ 2.1, C(0) incorporates the interpolation error with Lagrange
polynomials, o = o (7,T).

[3, Theorem 3.17]
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Algebraic convergence (j‘c‘;\l:

For functions u € C°(I'; W (D)) which admit an analytic extension
in {z € C: dist(z,I') < 7} for some 7 >0
e isotropic Smolyak formula based on Gaussian abscissas satisfies

oelog(2)

Ju— < (w,N) (U)HL%(F;W(D)) < G (o, N)n~ et

e full tensor product interpolation satisfies
||U*W(%N)(U)Hg(r;ww)) < G (o, N)n~
[3, Theorem 3.17], [1, Theorem 1]

For comparison:

e crude Monte Carlo convergence rate is

(i)
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